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ABSTRACT  
One-layer particle level set (OPLS) has been developed by using Lagrangian particles that are 
employed to correct both advection and re-initialization procedures of the level set function. In 
which, a level set function is utilized to smooth physical properties of the interface, while one-
layer Lagrangian particles are used to track the interface directly. This method exhibits excellent 
mass conservation properties compared to the LS method. As a special aspect, the OPLS method 
enables management of merging and stretching of interface in an effective way. This capability 
is similar to the particle level set (PLS) method. However, the new approach of the OPLS 
method offers a more straightforward technique. This approach is validated with classical 
benchmark test cases, such as the long term advection of a circle, rotation of a slotted disk, single 
vertex in a box, merging and separating of circle. The results from the proposed method show 
good agreement with the numerical experiments published results and the OPLS method is 
verified to be highly reliable and accurate.  
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Numerical simulation of an interface between different fluids plays a crucial role in a variety of 
fields, including engineering and other types of scientific area. Difficulties of these simulations 
arise from the arbitrary moving interface, particularly for those that undergo extreme topological 
changes, e.g., merging or breaking. Therefore, interface representation with accurate and robust 
numerical schemes has become a very active field of research.  
Various methods have been proposed to improve the simulation of moving interfaces. These 
methods can be divided into the Lagrangian methods and the Eulerian methods, is based on the 
mathematical descriptions of fluid flow. The Lagrangian method frame uses particles transported 
with fluid to describe interfaces. This method can enhance the conservative property without 
advection errors within the entire calculation process. However, clear deficiencies have been 
pointed out by many existing researcher [1-6], particularly in complex free surface such as thin 
boundary layers, merging and stretching region. Particles cluster is caused by tensile instability 
and lack of consistency by the domain distortions. To address this problem of the Lagrangian 
method, incorporation of the Lagrangian method with the Eulerian method in the arbitrary 
Lagrangian-Eulerian (ALE) approach is another way to simulate interface deformation. This 
method is known to be very efficient in the calculation of flows involving curved or moving 
boundaries. However, in extreme deformations such as wave breaking, re-meshing is inevitable. 
Eulerian methods attracted much attention, because it could address some of the dis-efficiencies 
of the Lagrangian methods. The existing Eulerian methods can be divided into interface tracking 
methods and interface capturing methods [7, 8]. The interface tracking methods solve the 
interface evolution by either setting marker points or adjusting the interface to attach the mesh. 
Belonging to interface tracking methods, The Marker-And-Cell (MAC) method proposed by 
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Harlow and Welch [9, 10] is the first attempt to treat flows with complex interfaces. MAC 
technique should be capable to model highly deformed fluids. The technique can also manage 
merged and detached fluid. However, the MAC method is computationally expensive since every 
marker-particle’s position must be stored over the fluid domain. In addition, oscillations on the 
interface may occur due to markers that move independently when the interface is reconstructed 
[11-13].  
The other kind of Eulerian methods namely interface capturing methods have gained more 
popularity as it could easily calculate characteristics of the interface in a merging or stretching 
region [14]. In interface capturing methods, a function is usually employed to describe the 
advection of the interface implicitly. Among the proposed interface capturing methods, the 
Volume of Fluid (VOF) method and the Level Set (LS) method have drawn the most attention in 
recent years. The VOF method describes interface by color function.  Even though the VOF 
method displays accurately mass conservation [15, 16], this method still encounters difficulties 
in an accurate presentation of the interface’s curvature because of smearing in the color function. 
To overcome this problem, Osher and Sethian [17] proposed the LS method. In the LS method, 
the smooth nature of the signed distance function can help to overcome several drawbacks of the 
other interface describing methods [17-21]. Additionally, the LS method can automatically 
handle merging and breaking of interfaces. Unfortunately, due to convection and re-initialization 
of LS function, loss/gain of mass will accumulate in the calculation process [21-23].  
Considering the simplicity and the accuracy of interface representation, many researcher have 
concentrated on a re-initialization procedure of level set equation [24-26] while the sign distance 
function was adjusted during the simulation. Elin and Olsson [27, 28] improved the LS method 
itself to the Conservative of Level Set (CLS) method. The main idea of CLS method is replacing 
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the sign distance function of the standard method with a hyperbolic tangent profile, which is 
advected in a conservative way. Compared with the standard LS method, the CLS method 
exhibits drastically improved mass conservation properties and has been successfully employed 
in many applications [29-35]. However, the re-initialization procedure never completely satisfy 
the mass conservation  [36]. The results can be seen in the first two numerical experiments of 
this paper.  
Hybrid schemes of the LS method to show advantage with other conservative front capturing 
methods have been suggested. One of the hybrid approaches is the improved conservative level 
set (ICLS) method, which combines the LS method with the CLS method. This method has a 
good mass conservation property and gives accurate interface information [21]. Another 
common method was introduced by Sussman and Puckett [37], which combines the LS and VOF 
(VOF/LS) method. In this approach, the interface is reconstructed from volume fractions to 
ensure mass conservation while normal vectors from the LS function are used for better 
approximation of geometrical quantities [26-28]. However, the drawback of both the CLS 
method and the VOF method combined with the LS method is reduced accuracy in the 
representation of the interface as compared with pure Lagrangian method [22, 23]. 
Recently, the Lagrangian approach is used to modify the LS, and that approach has gained favor. 
One of the successful refined algorithms is the particle level set (PLS) method which was 
introduced by Enright [38]. The PLS method combines the accuracy benefits of the Lagrangian 
front tracking with the simplicity and efficiency of the LS method. This method represents 
interface characteristics more accurately in comparison with the pure LS method. Conservation 
improvement lies in the correction of interfaces by escaped Lagrangian particles. Even though 
there are several wide applications [39-48], the PLS method still has complicated reseeding of 
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particles, the method is also based on various artificial tuning. Thus, the final results can vary to 
the sensitivity of different selections. Additionally, an escaped particle normally can only correct 
the level set value on one side of the interface, while it hardly affects the value on the other side 
[39, 49]. Unfortunately, the normal vector is calculated by the uncorrected level set function 
which could result in an inaccurate representation of the interface, especially in an under-
resolved region [46, 49, 50].  
In order to avoid the drawbacks of the PLS method mentioned above, a novel method, One-layer 
Particle Level Set (OPLS) method is proposed in this paper. Compared with the PLS method, the 
number of particles is reduced remarkably in the OPLS method since the Lagrangian particles 
describe accurate interface through only one-layer particles (Figure 1). The New approach of the 
OPLS method offers a straightforward technique for reseeding process of particle even in 
merging or stretching region of interfaces with high stability. The motivation is based on the fact 
that Lagrangian particles are used to track the interface position directly, while the LS method is 
applied to represent the interface smoothly. This method is a novel improvement of the LS 
method and it is totally different from the previous PLS method and others.  
This paper is organized as follows: basic idea and the motivation of OPLS method are given in 
Section 2, numerical approach of OPLS method has been discussed in Section 3. In Section 3, 
this new method has been introduced in detail including the modification of the interface and the 
presentation of merging/stretching interfaces by deleting/adding particles. In order to show the 
accuracy and robustness of the present method, the OPLS method is applied to calculate two 
benchmark test cases; three new numerical experiments and the current results are compared 
with those in published literature in Section 4. Finally, concluding remarks are summarized in 




Figure 1.  Left: one-layer particles placement (red) and actual interface (black) in OPLS method. Right: multi-
layer particles location and actual interface (black) in PLS method (Enright [38]). 
2. Motivation 
2.1 Basic idea of particle level set method 
Particles generation  
The PLS method combines the best properties of Eulerian LS method with a marker particle 
Lagrangian scheme. A set of marker particles are placed both side near the interface. Positive 
particles are placed in the region which satisfies 
 , and negative particles are located in the 
region. The particles are used to correct the error of interface and to remove errors in the level set 
function in under-resolved region. A given number of particles of each sign (i.e., 4 in 1D, 16 in 
2D and 64 in 3D) are generated not only in each interface cells but also both sides near the 
interface cells. Then particles are attracted to the correct side of the interface with positive 




Particles correct level set function  
 
Figure 2. Dash line is the level set function before modification. Particles are escaped in both side to rebuild 
the level set function (solid line) by the PLS method. 
Escaped particles are used to reconstruct the level set function in under-resolved regions. A 
particle is forced as escaped when it crosses the interface by more than its radius. Figure 2 
illustrates the idea of an escaped particle to correct the level set function of PLS method. The 
escaped positive particles are used to rebuild the 
  region. In   region, the process is carried 
out with escaped negative particles.  
Particles reseeding  
Particle reseeding is a process in which particles are dynamically added and deleted in the region 
with highly deformed interfaces. Reseeding is necessary to maintain resolution of the interface 
during merging or stretching time. The idea of particles addition and deletion has been addressed 
by many authors [38, 46, 49-52]. Reseeding is carried not only by adding and deleting particles 
in cells near the interface, but also deleting particles which have drift far from zero level set due 
to inaccurate information of the interfaces. Additionally, during the reseeding process, operation 
should be defined by the acceptable number of particles per grid cell by upper and lower bounds. 
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If either bound is exceeded, particles addition and deletion may occur to keep its initial value.  In 
the original method that was introduced by Enright in [38], reseeding process is carried out by: 
Step 1: Identification of all the no-escaped particles in each cell.  
Step 2: Utilization of local value of the level set function is used to decide: 
• Delete all the non-escaped particles (if a cell is not near the interface).  
• Otherwise, particles are added to the cell then attracted to the interface, in case a cell is 
near the interface (within three grid cells) and currently has less particles than the 
previously defined maximum (i.e., 4 in 1D, 16 in 2D and 64 in 3D). 
2.2 Motivation of one-layer particles level method 
Even though the PLS method applies Lagrangian particles to correct interfaces, it still has two 
main drawbacks: long time calculation caused by a large number of particles and the complicated 
reseeding of particles. Many improvements that focused on particle modification have been 
suggested and these researcher also improved the randomization and artificialness of the particles 
modification [23, 45, 47].  
To overcome the drawbacks of PLS method, a new approach, OPLS method, is proposed in this 
paper. In the OPLS method, Lagrangian particles can determine the precise interface position 
without allocating abundant particles or apply complex modification methods. Only one-layer 
particles are generated on the interface then, at each time step, these particles can move to 
accurate positions for the purpose of representing the interface. In order to distinguish different 
phases and to calculate the physical properties near the interface, traditional LS method is 
employed. As mentioned above, LS method has difficulties in mass conservation during the 
advection procedure and in the re-initialization procedure. Even though the inaccuracy due to the 
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advection process can be avoided by using high-order discretization schemes, this kind of 
inaccuracy could induce mass loss/gain and will accumulate during the process. 
The motivation of the OPLS method is improvement to the LS method since the Lagrangian 
particles are used to describe exactly the interface and correct both the advection procedure and 
the re-initialization procedure of the level set function directly. In the OPLS method, LS method 
is applied to represent the interface smoothly, and Lagrangian particles are used to modify the 
interface directly. This approach is similar to the PLS method when simulating interfaces that 
require special handling, such as, adding particle when the interface undergoes stretching. 
Besides, when interfaces are merged, deleting particles are needed. However, the OPLS method 
allows simulation of interface by a more straightforward technique. This principle has been 
described in the next section in detail, specific practices and procedures of OPLS method are 
summarized below: 
Step 1: Generating particles:  
Particles are initially scattered on both sides of the interface, but do not distinguish 
between positive and negative. Particles are then attracted to the interface. 
Step 2: Updating position of particles: 
• Particle speed is interpolated linearly from the surrounding velocity field of the grid 
nodes. 
• The position of the particle is updated by Third-order (Runge-Kutta) schemes to get 
accurate particle position. 




Step 4: Correcting interface 
Particles are used to the interface modification. At each time step, both advection and re-
initialization procedures of the level set function are modified.  
Step 5: Adding/deleting particles 
In accordance to the updated interface, the particle addition or deletion has been 
determined. 
Then specifically, modification procedures of the OPLS method to correct moving interface has 
been explained in detail in Section 3.  
3. Numerical aspects 
3.1. Particle generation 
It should be noted that not all cells near interface should contain particles. Initially, the interface 
cells are detected. A cell is defined as an interface cell if the level set function value   of its four 
nodes is not within the same sign. When the interface cells are found, particles are initially 
scattered on both sides of the interface cells but do not distinguish between positive and negative.  
Along normalized coordinates of grid nodes  ,   in each cells, the number of particle N   is 
given. Such as, 1N  , 1  particle is generated in the center of cell; 2N  , 2  particles are 
generated each direction and 3N  , each direction contains 3  particles (see Figure 3).  
In the OPLS method, each particle stores its position is advected with the flow using the 
Lagrangian particle  Eq. (1) which is also used in PLS method [38]: 
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px  is the position of the particle P and ( )pu x  is its velocity. Particle speed is interpolated 
linearly through the surrounding velocities field of the grid nodes. Third-order accurate TVD-
Runge-Kutta schemes are used to update position of the particle over time. 
In order to attract a particle P  to the right interface, i.e., from a current interpolation level set 
function value 
p  is attracted to goal  along the shortest possible way, the attraction equation is 
shown in Eq. (2): 
                      ( ) ( )new p goal p px x n x              (2) 
where the parameter   is set to 1 at the beginning and is successively halved until Eq. (2) places 
the particle within the expected domain. The normal vector n  gives the direction of the nearest 
particle to the interface. To obtain a random distribution of the particles along the direction 
normal to the interface, each particle is assigned a goal value of 0goal  . If the particle does not 
lie in the desired interface region after several inner iterations, the particle must be deleted.  
Figure 3 describes how the particle are generated by the given particle number per cell and then, 
they are attracted to the right interface at initial step. The number of particles placed in each cell 
could be adjusted according to the desired interface resolution. The suggestion particles of each 
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Figure 3. Particles are generated then are attracted to the interface at the initial step in mesh size 100  . Black 
dash line represents the interface.  
  









































3.2. Modification of level set function 
The level set function   in the OPLS method is defined as: 
                   ( ) 0,  x x    ; ( ) 0,  x x    ; ( ) 0,  x x    (3) 
where   and   are a positive and negative region respectively separated by interface   in 










The re-initialization equation is as follow:  








where   is fictitious time for the convenience of calculation and Sign  is the sign function. 
Both particles and level set function are advected by the local velocity field. During the 
advection and re-initialization procedure of the level set function according to Eq. (4) and Eq. (5) 
particles positions Eq. (1) are exactly located on the interface. The problem is an error in the 
level set function due to a drift in the value of  . This phenomenon illustrates that the LS 
method can lose the accuracy during the movement. In order to counteract this problem, the level 
set function value is modified by just one-layer particles in the OPLS method. 
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While an interface is moving, the particles positions are transported over time and the particles 
lie in a new interface. The level set function value of these particles is interpolated from the 








  (6) 
where k
iN  is the shape function [53], is calculated by Eq. (7) with  ,   are the normalized 
coordinates and i  i  are the normalized coordinates at the grid nodes. 
k
i  is the level set 





i i iN          (7) 
Particles follow the velocity field and location of each particle is correct. But, an error in the 
level set function value   can occur when performing the re-initialization due to level set 
function value of particle 0
k
p  . Considering the accuracy of the interfaces represented by the 
Lagrangian particles, it is necessary to modify the level set function value k
i  to ensure 0
k
p  . 
Therefore, a certain number of iterations is needed in the process of the re-initialization for time 
k . The modification process of OPLS method is described below with a help of Figure 4. 
First, the level set function value of each particle is interpolated by the surrounding level set 










  (8) 
where j  stands for a certain number of iterations at time k , ,0k
i  is the level set function value of  
the surrounding grid nodes i  of the in the initial stage. 
Then, if any of the level set function value of particle does not set to zero, a next loop 1j   is 
required to distribute the error 
,k j
p  
by the surrounding level set function value of the grid nodes 
following these equation: 
k , j 1 k , j k k , j
i i i PN  









  (10) 
As well as, the modification process at time k  in one interface cell of Figure 4 illustrates that, 
although the level set function value of particle 1P  (
1
, 0k jP  ) after finish loop j  but others do not 
offset to zero. Thus, all these particles must be put into the next loop 1j   of Eq. (9) and Eq. (10) 
to distribute the errors of level set function value 
,k j
p . It should be noted that obtaining 
, 0k jP 




 of all the particles may not offset to zero. Thus, repetition of the iteration is required until 
the norm of level set function value of particle ,k j
P
 
is smaller than a given tolerance value 
( ,k j
P  ) or a certain number iteration also is requested in complex problems. In numerical 
experiments of Section 4, the tolerance value 
3 210 10   depending on the grid mesh and at 




Figure 4. Because of the performing the re-initialization due to level set function value of particle drift to 
incorrect interface. OPLS method allow particles (black bold) modification error of level set function value by 
a certain number of linear interpolation surrounding level set function value of grid nodes. 
With this new re-initialization procedure, the disturbances due to the particle correction can be 
solved and more accurate interface representation can be simply obtained. Compared with 
“escaped particle” proposed by Enright [38] or others re-initialization procedure in [49, 50], the 
advantage of this technique in the OPLS method is a more straightforward technique that 
automatically and remarkably reduces the number of particles affecting the computation cost.  
3.3. Adding particles   
In some situations (for example, in a high stretching region) an inadequate number of particles 
could make the re-initialization erroneous due to numerical oscillations or other drastic changes. 
The new interfaces are generated and particles should be added in each interface cells. The OPLS 
method can be completed by the particles added strategically with the following three steps: 
Step 1: Define the interface cells in each time step if the level set function value    of the four 
nodes is not within the same sign or cells have less particle, i.e., at least 1 particle per cell, these 
cells are defined as target cells.  
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Step 2: Generate particles in each interface cells. 
Step 3: Attract particles to the interface. 
As can be seen in Figure 5, when an interface from the dash line is stretching to the solid line, 
new interface cells are found (blue dark cells). By a given number of particle per cell N , the 
OPLS method allows automatic generation of new particles in these cells. Unfortunately, these 
new particles are not directly on the right interface. Therefore, the attraction function in the 
OPLS method puts them to correct place. In comparison, the attraction step in the OPLS method 
has some similarities with the PLS which was introduced by Enright [38]. However, the 
attraction step in PLS is distributed for holding particles in a narrow band near the interface 
while the OPLS method uses this function for only particle located on the interface cells.  
 
Figure 5. The strategy of adding particles; Dashed line: interface ( 0)  ; Solid line: interface after stretching. 
Blue cell: interface cell contains less particle; Black circle: Particles; White circle: nodes grid; Black and white 
around: Added particle; White dash line: Particles are generated in the interface cells. 
3.4. Deleting particles   
In each step, particles have just been advected by the velocity field. When interfaces merge, the 
initial interface disappears and some particles are left alone. Therefore, deletions of these 
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particles are needed. With the OPLS method, particles deleting strategy has been taken into 
consideration. The strategy is summarized in two steps listed below: 






 with a certain delta 
distance and point P2  on the reverse direction.  
Step 2: Delete particle P , if values of ( )1 P  and ( )2 P  are of the same sign.  
The particles deletion algorithm implemented in the OPLS method is based on the level set 
function value   of each particle. Figure 6 illustrates the method of particle deletion in the 
merging region. In Figure 6.a) ( )1 P  is positive while ( )2 P  is negative. It means particle P  
still lies on the interface. Hence, particle P will be kept. However, in Figure 6.b) both values of 
( )
1
 P  and ( )2 P  are negative. Which means an initial interface disappears after two interfaces 
are merged, thus particle P  is left alone and does not represent an interface at this time. 
Therefore, particle P  must be deleted. 
 
Figure 6. The strategy of particles deletion; Dashed line: interface ( 0)  ; Big black circle: Particle point; 
Small black circle: Imaginary particles point; White circle: nodes of interface cell.  
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3.5. Solution of OPLS equation 
Temporal discretization 
A third order TVD-Runge-Kutta scheme [54, 55] is used to evolve the particle positions forward 
in time as follows, where L  stands for the differential operator. 
 
(1) (0) (0)
(2) (0) (1) (1)
(3) (0) (2) (2)
( )
3 1
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    









  (11) 
Spatial discretization and compact form of the OPLS method 
In order to calculate the spatial discretization, the moment and the level set function are advected 
using the second order of two-step Taylor-Galerkin algorithm [56, 57]. Thus the final form of the 
scheme in the OPLS method can be summarized in the following compact form: 
For two incompressible fluids separated by the interface   in a domain  , Eq. (4) of the level 








                               
(12) 
A re-initialization equation Eq. (5) for a few steps infictitious times   also can be written as: 




















Employing two notations, the convective flux F  and the source term S  for the above two 
equations of OPLS method: 
Eq. (12): F u ; 0S   
Eq. (13): F u ; ( ) ( )unS Sign       






                               (14) 
where i  is an unknown level set value of grid nodes i . 




 is given in the neighborhood of 
,k j
i at time k  , j  
stands for the inner iteration. 
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The first-order time derivative of 
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And the second-order time derivative of 
,k j















In order to consider an intermediate step between step  jk  and j 1k  , the OPLS method uses a two-
step predictor-corrector Taylor-Galerkin procedure. The first step is a prediction step to calculate 
the solution at a time 1 2jk   and the second one is a corrector step to carry out the solution of 
1jk  . Hence, Eq. (14) can be simulated as: 
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Step 2: Substituting the above equations into the second-order time derivative of Eq. (17):  
,
2





j j j ji S S
t t
           
 (21) 















(Eq. (17)) must be 








The advantages of two-step Taylor-Galerkin algorithm are its relative simplicity and its ability to 
save computation cost. Second order accuracy for both in space and time is provided for 
structured or unstructured grids. 
4. Numerical experiments 
In the following examples, the percentage of relative global mass conservation error ( )%rE t  in 
this paper is defined as:  
                          
0




   (22) 
where 
0A  is the initial value of the area at 0t  ; iA  is the value of area enclosed at time it  in the 
zero contour of level set function.  
4.1. A long term advection of circle  
A circle with a diameter of 0.15 is transported by a uniform flow of normalized velocity in a 
rectangular domain  
2
1 1 . The temporal evolutions by different methods are obtained in Figure 
7. It can be seen in this figure that the interfaces calculated from the LS, CLS and ICLS method 
loss their original shapes and become asymmetric with rough surface around the notch by time 
200. The rough profile near the notch is due to the coarse grid resolution and can be reduced by 
increasing the grid resolution. Among all the four methods, ICLS is fairly good, but OPLS 
method shows the best capability to keep the original shape and a fully mass conservation. Based 
on the above discussion, the performance of the LS method is very poor in terms of mass 
conservation, the reason for the mass loss in this case is due to the lack of re-initialization 
procedure. Shape preservation is highly dependent on the grid resolution. CLS method has good 
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mass conservation and shape preservation for the fine grid resolution but behaves badly when the 
grid becomes coarse. Thus, the accuracy of CLS and ICLS method also greatly depends on the 
mesh size and would require additional computational resources to handle complex flow 
problems. Overall, the OPLS method exhibits a better mass conservative feature and the 
interface profile matches with the exact solution perfectly for every grid resolutions. Results are 
compared with other four methods, shown in Figure 8. In order to verify the ability of OPLS in 
coarse meshes, set of resolution: (50 50) , (100 100)  and (200 200)  are compared to each 
other. As can be seen in Figure 9, the grid of (200 200) gets an excellent result, even coarse 
mesh grid (50 50) , the mass loss ( )%rE t  is only up to 0.07%. 
 











       
 
Figure 7. Long term advection of a circle under uniform velocity field; From top to bottom: LS, CLS, ICLS, 





Figure 8. Mass loss in present work and other of Zhao [21]. 
 
 
Figure 9. Mass loss of OPLS method. 
4.2. Zalesak’s disk 
 Zalesak’s disk problem simulates a rotating slotted disk [58] which is one of the best known 
benchmark cases for testing the advection schemes. This classic problem is used extensively to 








































corners are transported. Zalesak’s notched disk is defined as follows: Domain  
2
1 1 ; Radius 
0.15 ; Initial center ( , ) (0.5,  0.75)I x y  ; Slot with 0.05 ; Slot depth 0.0125 . The slotted disk is 
rotated under a velocity constant field is given as:  
 ( , ) 2 ( 0.5)u x y y    ; ( , ) 2 ( 0.5)x y x     (23) 
Eq. (23) represents a rigid body rotation with respect to (50 50)  and the disk completes one 
revolution at one unit of time. In the simulation, sets of grid A(50 50) , B(100 100) and 
C(200 200) were considered, the disk was allowed to complete two rotations and the results of 
different resolutions were gathered and compared with each other. Figure 10 illustrates the initial 
position of the interface represented by 0  (solid line) and location of particles before 
attraction step. After attraction, viewing sharpness of corners shows that particles are located 






Figure 10. Top left: Particles (red) are generated around the interface (black solid line); Top right: One-layer 
particle are tracked into the interface; Bottom: Zoom at two high curvature area bottom and top corner of 
Zalesak’s disk in OPLS method. All the figures are under the resolution of 200. 
The interface simulation of the OPLS method is shown in comparison with other methods ICLS, 
CLS, LS in Zhao [21] (Figure 11). At almost any mesh size, the OPLS method shows an 
expected result in even every coarse mesh.  



































   
   
Mesh size 50                                   Mesh size 100 Mesh size 200 
Figure 11. Interface of Zalesak’s disk that are described by different methods after two rotations; The light 
solid line corresponds to the exact solution; Top: ICLS method (dark solid line), CLS method (dashed line), LS 
method (dotted line); Bottom: OPLS method. 
The Zalesak’s disk after two completed rotations are shown in Figure 12 at different resolutions
(50 50) , (100 100)  and (200 200) . The results are partially enlarged in high curvature 
regions, such as bottom and top corner of Zalesak’s disk. It can be observed that all the results of 
different meshes coincided with the original shape even every coarse mesh (50 50) . 
Three locations of 
0 0 0(0 , 120 , 240 )     of rotation angles are shown in Figure 13 to 
demonstrate the preservation of the disk’s shape. The accuracy and robustness of the proposed 
method are also illustrated by plotting the contour of the level set function location at 
0 0 0 0(0 , 120 , 600 , 720 )      with different grids mesh: A(50 50) , B(100 100) and 
C(200 200)  as shown in Figure 14. As expected, the contour plot of the level set function is 
Frame 001  14 Jul 2013  Contour and mesh Frame 001  13 Jul 2013  Contour and mesh
Frame 001  13 Jul 2013  Contour and mesh
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maintained perfectly and only a tiny distortion affects the aforementioned critical region of the 




Figure 12. A high quality zoom of Zalesak’s disk at bottom and top corner by OPLS method, from top to 
bottom is beginning 0t  ; completed one rotation; completed two rotation. In each picture, exact solution 
(black) is compared with other mesh size: (50 50)  (green); (100 100)  (blue); (200 200)  (red). 
 








































































Figure 13. Locations of Zalesak’s disk at 0 0 00 ,  120 ,  240 .  
 
Figure 14. Contour plots of the LS function of Zalesak’s disk. Left to right: different angle is selected
0 0 0 0(0 ,120 ;600 ;720 )  in holding time completed two rotations; Top to bottom: three types grids mesh 




4.3. Merged of two circles in cross-shape flow 
 
Figure 15. Two circles are merged in cross-shaped flow region and contour level set exhibits at time 0t  .  
In order to show the ability to manage interface merging by the OPLS method, two circles are 
tested. The initial two circles of radius 0.2r   centered at 1( , ) ( 0.2,  0)I x y   and 
2 ( , ) (0.2,  0)I x y   are respectively merged into cross-shape flow region with H 1  in Figure 
15. The opposite sides of the two circles are carved by two velocities 1u   in direction X  and 
1v   in direction Y . Snapshot of zero level sets in Figure 16 showed an adequate numerical 
solution using the OPLS method for managing merging and stretching as time increases. At the 
position where two circles are merged, the interface disappears and particles are left alone. 
Therefore each particle that lies at a merged region must be deleted. Then, two circles are 
stretched to opposite sides. Hence, new particles are generated to account for the stretching. 
Contour plots for the merging are shown in Figure 17. The process of merging and stretching 
that are obtained by the OPLS method can be seen in detail in Figure 18. In this test, the 
deformation reaches maximum stretching without a distortion. It also can be seen in Figure 18 
that at final time 30t s  , where 1/ 625s s  , the relative mass loss is only 0.05%. This test 
31 
 
demonstrates the accuracy and robustness of the OPLS method in managing merging region of 
interface. 
 
Figure 16. Shape of two circles that are merged at time 
 (0,5,10,20,25,30)t s   where 1 / 625( )s s  . 
 
Figure 17. Contour plots of two circles  that are merged and stretched in a cross-flow domain over time from 




Figure 18. Two circles are merged and stretched at: 0t   (Red); 5t   (Green); 10t   (Blue); 20t   (Gray); 
25t   (Orange) and final 30t   (Pink) with unit time s 1 / 625(s)   and mass loss respectively. 
4.4. Separation of circle 
 
Figure 19. Separation of a circle in a sharp shear flow. 
Figure 19 describes a model which is employed to illustrate the ability of OPLS method to 
manage interface separation by adding particle. The test is given in a rectangular box with 1H  . 
Initially, a circle with diameter 0.6d   is placed at center (0,  0)I   and is separated by the 






















Figure 20. Contour plots of separation of circle at time (0, 40, 85, 100, 150)t     s   where 1 / 1000( )s s  .  
The contour plots of Figure 20 exhibits the separation process of original circle into two parts. At 
each corner, LS standard without re-initialization step shows the incorrect normal vector due to 
distort in the shape of circle even finer mesh size 256 . In comparison, the current OPLS method 
use a given particle number per cell 2N   in certain ten iterations to support the good results. 
As expected, no distorted is found in each corner during a long time transform. The ability of 
particles addition in the OPLS method is shown to accurately describe interfaces undergoing 
substantial separation. Adding particles during separation process over time is also illustrated by 
snapshots of circle interface in Figure 21. From the initial time to step 85 , when once interface 
cells are found, particles are generated in each cells and are attracted on the interface. After 




Figure 21. Particles are generated and are attracted in the process of circle separating. After separation 
produce is completed at step 85 , no particle is added to final 150  steps.  
 
   Figure 22. The relative mass loss of OPLS method compares with the standard LS method.
  
The results of different grid resolutions at different evolution times are shown and compared 
with standard of LS method in Figure 22. Despite the the complexity and difficulty of this 
separation problem, the mass loss result from this test is small even in a coarse mesh size. During 
the first 85 steps, the percentage mass loss result at mesh size 256  of the OPLS method is the 






















occupy the larger mass loss and the relative mass gain is found to increase to 0.3%  at final stage 
of circle separation even in the finer mesh size. It can be concluded that the accuracy can be 
improved significantly when solving separating problems with OPLS method.  
4.5. Single vortex in a box 
The problem ‘‘Vortex-in-a-box’’ exhibits the stretching of a circle which was introduced by Bell 
in [59]. A circle evolving in a shearing flow is another challenging test for advection scheme of 
OPLS method to resolve and maintain even thinner filaments. A stream function in a square unit 
box is given as: 




x, y 2sin( y)cos( y)sin ( x)cos( t / T)
x, y 2sin( x)cos( x)sin ( y)cos( t / T)
      
      
 
(24) 
Initially a circle with a diameter of 0.3  is placed at (0.5,0.75) . The circle will be transported in 
the vortex and reach its maximum deformation at 4t s . Then, the velocity components will 
change their sign and the vortex should reach its initial position and shape at 8t s . 
As can be seen in Figure 23, the results from the OPLS method in different grid resolutions at 
different evolution times are plotted and compared with each other. The interface profile 
obtained on various mesh sizes (50 50) , (100 100)  and (200 200) . At 2t s , the tail section 
on (50 50) has lost some accuracy due to the mesh size. Once the grid is refined, the accuracy 
is improved in these grid sizes: (100 100)  and (200 200) . When the circle is stretching to 
maximum deformation, resulted from the coarse case has relatively large deviation from the head, 
the tail and the interface remains not smooth. However, the result from the smaller resolutions is 
the better and at the fine mesh (200 200) , the numerical result matches with the exact solution. 
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Finally, after a long time transform the vortex is then coincided with original shape at 8t s  
even every coarse mesh. This is a good result to demonstrate the accuracy and robustness of the 
OPLS method for such problem. 
 
Figure 23. Stretching of circle by a given particle number per cell 2N   in different mesh size: 50 50 ; 
100 100 ; 200 200 at 0t s  (black), 2t s  (green), 4t s  (blue) and final 8t s  (red). 
 
Figure 24. Stretching a circle from left to right at 0t s ; 1t s to the shape at maximum deformation at 
4t s and final return original shape at 8t s in comparison between Standard LS and OPLS method at 
mesh size 200 200 . 























In order to show the influence of particle number per cell in modification interface, contour plots 
of stretching circle by standard of the LS method is compared with the OPLS method. In this test, 
different particle number per cell N  is compared and illustrated in Figure 24. It is easy to 
recognize the weakness of standard LS method in limiting the presentation interface due to the 
numerical diffusion and the improvements achieved by particles modification interface at high 
curvature (both nose and tail). For OPLS method, although case 2N   still has relatively tiny 
deviation at a maximal stretching, the recovered circles are matched nicely to the initial shape at 
the final process.  A thin and elongated filament is well produced on cases 3N   and the shapes 
at 8s  are coincided with the initial circle. It is conceivable that, compared with the standard LS 
method, the OPLS method exhibits drastically improved interface shape properties. 
  
Figure 25. The influence of particle number per cell on mass loss of stretching circle and its zoom. 
The effects of the particle number per cell on the conservation mass are shown in Figure 25. 
Three different cases of number particle per cell 1N  ; 2N  and 3N  are examined in the 
same mesh size 200 . All the three cases in this study show very good conservation mass after 































2N   is much better than the former case with 0.31%  and very good result has been obtained 
in case 3N   with 0.03% . A stretching circle in shearing flow is a challenging test to OPLS 
method. It can be concluded that, the conservation mass problem of standard LS method is 
corrected successfully by the OPLS method and for such complex problem at least a given 
number of particle per cell 2N   is suggested.  
5. Conclusion  
The OPLS method is proposed by combining advantages of the Lagrangian particles and the LS 
method. In the OPLS method, the LS method is applied to represent the interface smoothly and 
particles are used to modify the interface directly. The correction procedure based on the 
Lagrangian particle is applied after calculation of the LS advection and re-initialization steps to 
address an inherent weakness of the LS method. Considering that only one-layer particles is 
needed in a given simulation, the OPLS method remarkably reduces the number of particles in 
comparison with original PLS method, the OPLS method is also able to save computation cost 
efficiently. Additionally, this method can manage complex topological changes accurately when 
interfaces merge or stretch. 
The OPLS method is applied to several benchmarks cases. The results of the proposed method 
display an excellent mass conservation property as compared with other existing LS based 
method. The long term advection of a circle in a uniform field shows that the mass conservation 
property has been improved significantly in the OPLS compared with the standard LS method. 
Furthermore, the ability to represent accurate interface and maintain sharpness of corners are 
demonstrated by the Zalesak’s problem. Utilizing different grid resolutions, the OPLS method 
can give fairly good results, even with the coarse grid. In order to verify the management of 
merging and separating of interface in under-resolved regions, two tests of circles were set, 
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including cross-shape flow and separation. Despite the complexity and difficulty, the results 
from those tests were good. In the example of vortex in a box, while standard LS methods 
produced a distorted interface due to the inaccuracy, the OPLS shows an influence of particles 
correction on curvature estimation without small droplets separating from the main structure. It 
has been shown that the proposed method could capture the small scale structures very well.  
According to the merits of the OPLS method mentioned above, it can be used to capture bubbles 
or droplets with a moderate number of grid cells without mass loss and shape distortion. The 
proposed method can be further extended to multiphase flows in a straightforward way and 
future work will essentially focus on the application of the method to three-phase flow problems. 
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